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Introduction
The concept of continuity is the most important subject in topology. In 2008, the notion of e-continuous functions was introduced and studied by Ekici [8] and in 2010, the notion of strongly θ-e-continuous functions was introduced byÖzkoç and Aslım [19] . In 1984, Noiri and Kang introduced the notion of almost strong θ-continuity. Recently, three generalizations of almost strong θ-continuity are obtained by Beceren et al. [4] , Park et al. [21] and Noiri and Zorlutuna [18] . The aim of this paper is to introduce and investigate a new class of functions, called almost strongly θ-e-continuous functions, which contains the classes of almost strongly θ-semicontinuous functions, almost strongly θ-precontinuous functions and strongly θ-e-continuous functions.
The family of all e-open (resp. e-closed, e-regular, e-θ-open, e-θ-closed) subsets of X is denoted by eO(X) (resp. eC(X), eR(X), eθO(X), eθC(X)). The family of all e-open (e-closed, e-regular, e-θ-open, e-θ-closed) sets of X containing a point x of X is denoted by eO(X, x) (resp. eC(X, x), eR(X, x), eθO(X, x), eθC(X, x)).
Lemma 2.1 ([2]
). Let X be a topological space. If A is a preopen set in X, then scl(A) = int(cl(A)).
Lemma 2.2 ([19]
). Let X be a topological space and A ⊂ X and { A α | α ∈ Λ} ⊂ P (X). Then the following statements hold:
(1) A ∈ eO(X) if and only if e-cl(A) ∈ eR(X). Lemma 2.4. Let A be a subset of a space X. The set A is e-θ-open in X if and only if for each x ∈ A, there exists a U ∈ eO(X) containing x such that x ∈ e-cl(U ) ⊂ A.
Proof. It can be proved directly using Lemma 2.2.
Lemma 2.5 ([11]
). Let X be a topological space and A ⊂ X. Then:
(1) e-cl θ (X \ A) = X \ e-int θ (A).
(2) e-int θ (X \ A) = X \ e-cl θ (A).
Lemma 2.6. Let X be a topological space. Then the following statements hold:
(2) Let V ∈ SO(X). We have 
Theorem 3.2. For a function f : X → Y , the followings are equivalent:
(1) f is a.st.θ.e.c., (2) for each x ∈ X and each regular open set V containing f (x), there exists an e-open set U in X containing
for each x ∈ X and each regular open set V containing f (x), there exists an e-regular set U in X containing
for each x ∈ X and each regular open set V containing f (x), there exists an Proof. (1) ⇒ (2): Let x ∈ X and V ∈ RO(Y, f (x)). We have
(2)⇒(3): Let x ∈ X and V ∈ RO(Y, f (x)). We have
(5)⇒(6): Let F ∈ RC(Y ). We have
(12)⇒ (13): This is obvious since every semiopen set is β-open. (22):
Definition 3.3. Let A be a subset of a topological space X. The e-θ-frontier of A is defined by e-F r θ (A) = ecl θ (A) \ e-int θ (A). Proof. Let A := {x | f is not a.st.θ.e.c. at a point x of X}. Then
Comparisons and Some Properties
Definition 4.1. A function f : X → Y is called almost strongly θ-continuous [17] (resp. almost strongly θ-semicontinuous [4] , almost strongly θ-precontinuous [21] , almost strongly θ-b-continuous [18] ), if for each θ.e.c.
However, none of these implications is reversible as shown by the following examples.
Example 4.5. Let X = {a, b, c, d}, τ = {∅, X, {c}, {a, b}, {a, b, c}} and σ = {∅, X, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a, c, d}}.
Then f is a.st.θ.e.c. on X, but it is not a.st.θ.p.c. at the point d of X.
Then f is a.st.θ.e.c. on X, but it is not a.st.θ.s.c. at the point a of X.
Example 4.6. Let X = {a, b, c, d}, τ = {∅, X, {a}, {c}, {a, c}, {c, d}, {a, c, d}} and σ = {∅, X, {c}, {d}, {c, d}, {a, c, d}, {b, c, d}}.
Then f is θ.e.c. on X, but it is not a.st.θ.e.c. at the point b of X.
Then f is a.st.θ.e.c. on X, but it is not a.st.θ.b.c. at the point d of X.
Example 4.7. Let X = {a, b, c, d}, τ = {∅, X, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a, c, d}} and σ = {∅, X, {a}, {c}, {a, c}, {c, d}, {a, c, d}}. Define a function f :
Then f is a.st.θ.e.c. on X, but it is not st.θ.e.c. at the point d of X.
Example 4.8. Let X = {a, b, c, d}, τ = {∅, X, {a}, {c}, {a, c}, {c, d}, {a, c, d}} and σ = {∅, X, {c}, {d}, {c, d}, {a, c, d}, {b, c, d}}. Define a function f :
Then f is a.st.θ.b.c. on X, but it is not a.st.θ.e.c. at the point c of X.
The family of regular open sets of a space (X, τ ) forms a base for a smaller topology τ s on X, called semi-regularization of τ . The space (X, τ ) is said to be semi-regular if τ s = τ [14] .
A space (X, τ ) is called almost regular [23] if for any regular open set U ⊂ X and each point x ∈ U , there is a regular open set V of X such that x ∈ V ⊂ cl(V ) ⊂ U . Proof. (a) Let f be e.c. and Y almost regular.We have
(b) Let f be a.st.θ.e.c. and Y semi-regular. We have (1) f is almost strongly θ-continuous, (2) f is almost strongly θ-precontinuous, (3) f is almost strongly θ-semicontinuous, (4) f is almost strongly θ-b-continuous, (5) f is almost strongly θ-e-continuous, (6) f is strongly θ-e-continuous,
f is e-continuous.
Fundamental Properties
Lemma 5.1. Let X be a topological space and X 0 an a-open set in X. Then:
, where e-cl X 0 (A) denotes the e-closure of A in the subspace X 0 .
Proof. Let x ∈ e-cl(A) ∩ X 0 and U ∈ eO(X 0 , x). We have Proof. Let X 0 be an a-open set in X and U ∈ eθO(X). Then Proof. Necessity. Let f be a.st.θ.e.c. and α 0 ∈ Λ and x ∈ U α 0 . Then (f (x) ∈ V ∈ σ) (f a.st.θ.e.c.)
Sufficiency. Let f | Uα be a.st.θ.e.c. for all α ∈ Λ and V ∈ RO(Y ). Then Proof. Necessity. It follows from Theorem 5.9. Sufficiency. Let g • f be a.st.θ.e.c. and let g be an injective R-map which preserves regular open sets.
Theorem 5.11. Let {Y α |α ∈ Λ} be a family of spaces. If a function f : X → ΠY α is a.st.θ.e.c., then
θ.e.c. for each α ∈ Λ, where P α is the projection of ΠY α onto Y α .
Proof. This is obvious from Theorem 5.9 because every open continuous surjection P α is an R-map.
Separation Axioms
Definition 6.1. A space X is called almost e-regular [11] if for any regular closed set F ⊂ X and any point x ∈ X \ F , there exist disjoint e-open sets U and V such that x ∈ U and F ⊂ V .
Theorem 6.2. The following statements are equivalent for a space X:
(1) X is almost e-regular,
for each x ∈ X and for each regular open set U of X containing x, there exists V ∈ eO(X) such that Proof. It can be proved directly.
Theorem 6.3. If a continuous function f : X → X is a.st.θ.e.c., then X is almost e-regular.
Proof. Let f be the identity function. Then f is continuous and a.st.θ.e.c. so,
x ∈ U ∈ RO(X) f is identity and a.st.θ.e.c.
Theorem 6.4. An R-map f : X → X is a.st.θ.e.c. if and only if X is almost e-regular.
Proof. Necessity. Obvious. Sufficiency. Let f be an R-map and X be almost e-regular.
Definition 6.5. A space is called e-regular [19] if for any closed set F ⊂ X and any point x ∈ X \ F , there exist disjoint e-open sets U and V such that x ∈ U and F ⊂ V . Theorem 6.7. If f : X → Y is almost continuous and X is e-regular, then f is a.st.θ.e.c.
Proof. Let x ∈ X and let V ∈ RO(Y, f (x)). Then
Theorem 6.8. Let f : X → Y be a function and let g : X → X × Y , given by g(x) = (x, f (x)) for each x ∈ X be graph function. Then g is a.st.θ.e.c. if and only if f is a.st.θ.e.c. and X is almost e-regular.
Proof. Necessity. Let x ∈ X and let
Then f is a.st.θ.e.c.
Then X is almost e-regular.
Definition 6.9. A space X is said to be:
(1) rT 0 [10] if for each pair of distinct points x and y in X, there exists a regular open set U ∈ RO(X) such that either x ∈ U and y / ∈ U or y ∈ U and x / ∈ U .
(2) e-T 2 [7] if for each pair of distinct points x and y in X, there exist e-open sets U and V of X containing x and y, respectively, such that U ∩ V = ∅.
Theorem 6.10. If f : X → Y is an a.st.θ.e.c. injection and Y is rT 0 , then X is e-T 2 .
Proof. Let x 1 , x 2 ∈ X and
Case II. It can be proved similarly.
Corollary 6.11. If f : X → Y is an a.st.θ.e.c. injection and Y is Hausdorff, then X is e-T 2 .
Proof. It is obvious since every Hausdorff space is rT 0 .
Theorem 6.12. Let f, g : X → Y be functions and Y a Hausdorff space. If f is a.st.θ.e.c. and g is an R-map, then the set A = {x ∈ X | f (x) = g(x)} is e-closed in X.
Proof. Let x / ∈ A. Then
Y is Hausdorff ⇒ (∃V 1 ∈ U(f (x))) (∃V 2 ∈ U(g(x))) (V 1 ∩ V 2 = ∅) ⇒ (∃V 1 ∈ U(f (x))) (∃V 2 ∈ U(g (x))) (int(cl(V 1 )) ∩ int(cl(V 2 )) = ∅)... (1) int(cl(V 1 )) ∈ RO(Y, f (x 1 )) f is a.st.θ.e.c. ⇒ (∃G ∈ eO(X, x))(f [e − cl(G)] ⊂ int(cl(V 1 )))... (2) int(cl(V 2 )) ∈ RO(Y, f (x 2 )) g is R-map ⇒ g −1 [int(cl(V 2 ))] ∈ RO(X, x)... (3) U :
Lemma 2.7 ⇒ U ∈ eO(X, x)... (4) (1), (2), (3), (4) ⇒ (U ∈ eO(X, x)) (U ∩ A = ∅) ⇒ x / ∈ e-cl(A).
Preservation Properties
Definition 7.1. A space X is called:
(1) nearly compact [22] (resp. nearly countable compact [9] ) if every regular open cover (resp. countable regular open cover) of X has a finite subcover.
(2) e-closed [19] (resp. countable e-closed [19] ) if every cover (resp. countable cover) of X by e-open sets has a finite subcover whose e-closures cover X.
A subset A of a space X is said to be e-closed [19] (resp. N -closed [5] ) relative to X if for every cover {V α |α ∈ I} of A by e-open (resp. regular open) sets of X, there exists a finite subset I 0 of I such that A ⊂ {e-cl(V α )|α ∈ I 0 } (resp. A ⊂ {V α |α ∈ I 0 }). (1) If X is e-closed, then Y is nearly compact.
(2) If X is countable e-closed, then Y is nearly countable compact. 
